A quantum or classical wavefunction depending on position can be associated with a local momentum in at least five apparently different ways: first, as the phase gradient of the wavefunction; second, as the local expectation value of the momentum operator; third, via the local current; fourth, via the Wigner phase-space distribution function; and fifth, as the weak value of momentum with position postselected. The different formulas are all equivalent, but give different insights into the underlying physics. Momenta one through three are largely familiar, but the fourth and fifth are less so.
Introduction
The theories of physics are multiply connected, in the sense that a given concept associated with them can often appear to originate in very different yet ultimately equivalent ways. Understanding this gives flexibility in applying the theories, so it would seem useful to include examples when teaching physics. The example I explore in this paper is the concept of local momentum.
Consider a quantum particle moving in D dimensions, described by its wavefunction in position representation, or a classical wave, namely r|ψ = ψ (r), r = {x 1 , x 2 , . . . , x D }.
(1.1)
The emphasis in this paper will be on the momenta associated with the state |ψ . It will be convenient to use units in which Planck's constant = 1; this is equivalent to working with the wavenumber k, which is also more natural for classical waves, e.g. in optics. Only for the case of a single plane wave does |ψ correspond to a unique value of k. For any other wavefunction, there is a distribution of momenta, described by the momentum representation k|ψ =ψ (k) = 1 (2π ) D/2 space dr exp(−ik · r)ψ (r).
(1.2)
However, withψ (k) the immediate accessibility of the position information is lost, and this is reinforced by the uncertainty relation: it is impossible to specify uniquely the momentum at any given position. Nevertheless, it is natural to ask: is there a way to define a local momentum k(r), that would encapsulate in a useful way at least part of the momentum information contained in ψ(r)? The answer is yes-and there are at least five such ways. Moreover, they are all equivalent. The equivalences are sometimes almost trivial, sometimes less so. But each of the formulations gives a different insight into the state |ψ , so it seems worthwhile to present and compare them. That is my purpose here. The first three of the five ways of representing local momentum are mostly standard material. The fourth and fifth, making connections with Wigner functions (section 5) and weak measurement theory and superoscillations (section 6) are less familiar.
Momentum 1: local phase gradient
Implicit in our replacement of momentum by the wavevector k is the de Broglie association between wave physics and particle mechanics. This suggests defining the first and perhaps simplest of our local momenta as the gradient of the phase of ψ(r), giving:
Thus, as illustrated in figure 1 , the vector k phase (r) is perpendicular to the wavefronts, which are the constant-phase manifolds of ψ(r) (lines for D = 2, surfaces for D = 3). When divided by the mass of the quantum particle, the phase gradient plays a central role in Madelung's hydrodynamic interpretation [1] , as the velocity of a fluid envisaged to be driven by the wavefunction. Reinterpreted as the velocity of individual particles, the same quantity lies at the basis of the de Broglie-Bohm interpretation [2] of quantum mechanics. In optical diffraction, described in terms of a scalar wave (see section 7 for more discussion of this), k phase can be regarded as defining the direction of 'rays'-paths of particles of light as envisaged by Newton-and (as I have discussed in more detail elsewhere [3] ) makes retrospective sense of his enigmatic speculation [4] about diffraction fringes associated with edge diffraction: 'Are not the rays of Light, in passing by the edges and sides of Bodies, bent several times backwards and forwards, with a motion like that of an Eel? And do not the three Fringes of Colour'd Light above-mentioned arise from three such bendings?'
Momentum 2: local operator
The usual expectation value of an operatorÂ in the state |ψ is
involving ψ(r) over the whole space r. A natural way to define a corresponding quantity that is localized at a specified position r and normalized is 2) in which the symmetrization is necessary because the operatorsÂ andr generally do not commute. When applied to momentum, this gives the second of our formulas:
3)
It seems likely that this localized version of an operator (or at least the numerator) has been discovered independently several times. The earliest reference I can find is by Landau [5] , who used it in his classic study of superfluid helium II. I made use of it in 1980 in connection with the Aharonov-Bohm effect [6] . The first of our equivalences is k local operator (r) = k phase (r). 
Momentum 3: local current
Using the position representation (3.5) for the momentum operator, it follows [7] that the momentum current flowing out of a region bounded by a surface S is
The integral can be represented in terms of the local momentum (current) density
2) which suggests defining a local momentum by dividing by the density. Thus we have the third formula:
The next equivalence in our sequence is k current (r) = k local operator (r) = k phase (r). 
Momentum 4: local Wigner average
One way to represent |ψ directly in terms of r and k is through Wigner's phase-space distribution function. This is most simply written as the expectation value
in which the D-dimensional operator δ function is defined by
Easy manipulations give the more familiar form [8] [9] [10] 
This seems to privilege position over momentum, but since (5.1) is manifestly democratic in r and k there is an equivalent representation in terms ofψ (k). The Wigner function has the well-known properties that its projection along k gives the intensity of the wave at r, and vice versa:
In terms of W , it is natural to define a local momentum-the fourth of our five-by
The next in our sequence of equivalences is:
The simplest derivation is to use the representation (5.3) and show the equality with (4.3). For the denominator in (5.5), we use the first equality in (5.4). For the numerator, the derivation proceeds as follows:
Two slightly unfamiliar Wigner functions, relevant to wave physics, will now be described. The first is a superposition of plane waves with different momenta k, that is In momentum space this is concentrated not only on the individual k n , with contributions that are constant in r, equal to the weights |c n | 2 in (5.8), but also on the midpoints between pairs of k n , with contributions that are real plane waves in r, with wavevectors given by the differences of the corresponding pairs of k n . These properties are illustrated in figure 2 .
The second Wigner function is that representing a Gauss-modulated vortex of order m in the r plane, for which, in polar coordinates
The corresponding Wigner function is
in which the L m are Laguerre polynomials [11] , whose arguments can be written in the following alternative forms:
To illustrate this Wigner function, we note that it is invariant under a simultaneous rotation of r and k, so it suffices to choose k = k x e x and show W m for different values of k x , as in figure 3 . For the mth order vortex, it is not hard to calculate the local momentum starting from (5.10), with the (obvious) result
To derive this, any of the preceding formulas can be used; the most immediate is probably the first equality in (2.1). 
Momentum 5: weak momentum with position postselected
This last of our five momenta makes contact with a wider circle of ideas, developed in recent decades by Aharonov and his collaborators [12] [13] [14] . They define a new class of quantum measurements, in which an operatorÂ is measured in a state |ψ after 'post-selection' by a different state |φ . If the measurement is made by weak coupling to a pointer, then in suitable circumstances [15] the pointer coordinate is shifted by the 'weak value'
(The imaginary value also has physical significance [16] , not considered further here; it would correspond to the antisymmetrized version of (3.3).) Choosing the operatorÂ as momentumk, and post-selecting with the position state |r , leads to the local weak momentum
Using (4.1), the last equality in (2.1), and the position representation, leads to the final equivalence:
This identification of local momentum as a weak value leads to additional insights, resulting from the observation that when the denominator in (6.1) is small the weak value of an operator can lie far outside the spectrum ofÂ [13] : the weak value can be 'superweak' [17, 18] . This is impossible with the conventional expectation (3.1), in which there is no post-selection. In the context of local momentum and the identification of k weak with k phase , superweakness means that the wave ψ(r) can oscillate locally faster than any of the momenta in the superposition of plane waves comprising it: it can 'superoscillate' [19] [20] [21] . And in view of the denominator in (6.2) we can anticipate that superoscillations can be extreme near the zeros (nodal manifolds) of ψ(r).
Perhaps the simplest example is the superposition of two waves in D = 1:
Here the spectrum of contributing momenta consists simply of the two points k = ± 1. The local momentum, now denoted simply by k(x) in view of the equivalences (6.3), and most easily calculated from (1.1), is (for a real)
As figure 4 illustrates, this rises to large values at the minima of |ψ| as a approaches unity; the values are
When a = 1, the wave (6.4) is simply ψ(x) = cosx, which is real, so as is well known, the local momentum is zero. Equation (6.5) reveals this as a singular limit: as a approaches unity, k(x) approaches zero except for diminishing intervals surrounding the minima of |ψ(x)| in which it is very large. In fact, the average value of the local momentum (6.5) is
corresponding to the momentum of the dominant wave in the superposition. Another example where local momentum gives unfamiliar insights into a familiar situation is the reflection and refraction of a monochromatic wave with wave number k 0 incident from vacuum on a refractive-index slab with index n ( figure 5(a) situations indicated in figure 5(b) . This example shows superoscillation inside the slab whenever there are reflection or transmission resonances, and superoscillations when the reflection coefficient is large and there is strong interference between the incident and reflected waves. The full richness of superoscillations associated with the local momentum emerges only for D 2, because then it is typical for complex wavefunctions to possess zeros (cf figure 3) , i.e. phase singularities at which |k| diverges and near which k(r) possesses a vortex structure. An illustration of this (discussed elsewhere [22, 23] with a different emphasis) is the following superposition of Bessel solutions of the Helmholtz equation in the plane with wavenumber k 0 (i.e. wavelength 2π /k 0 ):
This is a perturbation of a wave which for ε = 0 possesses a vortex of order m at the origin. For finite ε, this splits into m vortices of order 1, as illustrated in figure 6 . The superweak (i.e. superoscillatory) values of k(r) are illustrated in figure 7 . Superoscillations are unexpectedly common in waves occurring naturally, for example, in monochromatic many-wave superpositions of the form (5.6), in which all k n have the same length k 0 and N 1. These represent Gaussian random functions, for which the probability of a random point r in the plane being superoscillatory, i.e. |k(r)| > k 0 , is 1/3 [24] , with similar values for D > 2 [25] . Another example, this time for D = 1, is superpositions (5.6) in which all the contributing plane waves are travelling forwards, i.e. all k x,n > 0; nevertheless, there are substantial regions of the x axis for which the local momentum k x (x) is negative, i.e. flowing backwards [26] . 
Concluding remarks
A common pitfall is to think that in semiclassical or geometrical-optics regimes the local momentum k(r) that we have been studying corresponds to a classical trajectory or ray. This correspondence holds only when there is only one trajectory through r. Usually-and almost always in bound systems-there are several trajectories, whose contributions are superposed and interfere. And since k(r) is a single-valued function it cannot represent them all. The reason can be stated succinctly, bearing in mind the phase gradient interpretation of section 4: the momentum in the superposition is not the superposition of the momenta. I have emphasized this elsewhere, with examples [3, 27, 28] .
Momentum is often introduced through its connection with translation symmetry: in a homogeneous medium, momentum is conserved. But it is important to understand that this association does not hold for the local momentum k(r) considered here, because even in a uniform medium k(r) always varies with position (often in complicated ways, see figures 1 and 6); the only exception is the trivial case of a single plane wave.
It is clear that, as stated earlier, k(r) carries only part of the momentum distribution at the point r. A complete description is contained in the Wigner function or any of its relatives, such as the Husimi. The latter has recently been processed in an imaginative way [29] to yield a pictorial representation of a series of local momenta r, related in semiclassical cases to the momenta of classical trajectories through r in cases where there are several.
We have represented all five momenta in terms of complex scalar waves in vacuum. However, similar formulas apply more generally, for example in vector wave optics. For paraxial light, where the electric field vector is represented by its helicity components ψ + and ψ − , it is known [28, 30] that the orbital part of the transverse Poynting vector is
in which ∇ denotes the gradient perpendicular to the propagation direction. The two contributions are both of the 'current' type (equation (4.2) ). And for nonparaxial light the orbital Poynting vector is given by a slightly more general formula, involving the magnetic as well as the electric field [28, 31] . It would be interesting to investigate whether analogues of the five momenta can be constructed for waves of other types: relativistic particles governed by the Klein-Gordon and Dirac equations; crystal optics (i.e. anisotropic media); and left-handed (negative index) materials. In these more general situations, the different momenta might not be equal. Finally, a natural question is: is k(r) observable? A suggestion that it might be comes from contrasting k(r) with the momentum current density j(r). These are two vectors with the same direction, simply related by (4.3). But they are physically very different. As we have seen, k(r) can be superweak: near phase vortices, it can greatly exceed the momenta in (for example) the plane waves comprising ψ(r).
The weak value interpretation of section 6 suggests that these large values of k(r) could be momenta imparted to a small test particle (e.g. an atom) in the field ψ(r), in individual quantum events; such events are rare because ψ(r) = 0 at vortices. By contrast, j(r) is weighted by the additional factor |ψ(r)| 2 and so vanishes at vortices. In optics, j(r) corresponds to the Poynting vector, which is responsible for radiation pressure. This gives the average force on particles in the field, raising the possibility, envisaged earlier [28] , that radiation pressure, when deconstructed into its individual quantum events, is the average over momentum transfers that are, near vortices, both large and rare. Simple calculations indicate that locating the test particle would involve a momentum uncertainty comparable with the superweak value to be detected; but this uncertainty would be random and isotropic, whereas the superweak momentum is precisely directed, suggesting the feasibility of this proposed way to detect it. Further study is in progress.
